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Bell’s polynomials have been used in many different fields, ranging from number theory
to operator theory. In this article we show a method to compute the Laplace Transform
(LT) of nested analytic functions. To this aim, we provide a table of the first few values of

the complete Bell’s polynomials, which are then used to evaluate the LT of composed Accepted 23 October 2023
exponential functions. Furthermore, a code for approximating the LT of general analytic

composed functions is created and presented. A graphical verification of the proposed Keywords

technique is illustrated in the last section. Laplace Transform

Bell’s polynomials
Composed functions

1. INTRODUCTION
The common view that there is no formula for the Laplace Transform (LT) of composed analytic functions is
disproved in this article, using Bell’s polynomials [1], as in the case of the derivative of nested functions [2].

Bell’s polynomials appear in very different fields, ranging from number theory [2,3,4,5,6] to operator theory [7],
and from differential equations to integral transforms [8].

The importance of the LT is well known and it is not necessary to remind it here.

The second-order Bell polynomials Y,?]representing the derivatives of nested functions of the type f (g (h(t))) are
then introduced, and two examples of LT of these functions are given. In Appendix 1, a table of second-order Bell
polynomials is reported, computed by the second author, using the Mathematica® program.

2. RECALLING THE BELL POLYNOMIALS

The Bell polynomials express the nth derivative of a composed function ®(t): = f(g(t)) in terms of the successive
derivatives of the (sufficiently smooth) component functions x = g(t) and y = f(x). More precisely, if:

CDm:=DgnCD(t): fh:zDilf(x)lx:g(t)' gk:zDg(g(t)

then the nth derivative of ®(t) is represented by:

ch = Yn(fl:gl;fzr 92, ---;fn:gn)

where Y, denotes the nth Bell polynomial.
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The first few Bell polynomials are:

Y1(fi, 91) = fig1
Y(f1, 91 f2,92) = f19: + 297 €Y)
Ys3(f1, 91; f2, 92: 3. 93) = 195 + 2(39291) + f393

The Bell polynomials are given by:

Y, (fi, 915 f2, 925 5 fos Gn) = Xz Bn,k(Ql:Qz: o Gn—k+1)fk (2)

The B, satisfy the recursion:
n—k

n—1
Bn,k(91,92,---:gn—k+1)= E ( h )Bn—h—l,k—1(91192:---:gn—h—k+1)gh+1 3)
h=0

The B, functions for any k = 1,2, ...,n are polynomials homogeneous of degree k and isobaric of weight n
(i.e. their monomials gflg;‘z ---g,’f" are such thatk; + 2k, + --- + nk,, = n).

Therefore, we have the equations:

Bn,k(aﬁgll aﬁng y aﬁn_k+1gn—k+1) = akﬁan,k(gll 92, "'lgn—k+1)

and:

Yo (f1, BG1; f2r B2 G2s i frr B™Gn) = B™Yu(f1, 915 f2r G2 - frr On)

An explicit expression for the Bell polynomials is given by the Faa di Bruno formula:

_ _ n! g\ 92\  (Gn\™
O, = Yo (f1,915f2, 925 5 fur Gn) = Z mfr (F) (7) (;) (4)
p(n)
where the sum runs over all partitions p(n) of the integer n, r; denotes the number of parts of size {,andr =r; +
ry + -+ + 1, denotes the number of parts of the considered partition.

A proof of the Faa di Bruno formula can be found in [9]. The proof is based on the umbral calculus
(see [10] and the references therein).

Remark 1: It should be noted that the possibility of constructing the Bell polynomials of index n by means of a
recursion formula makes it possible to avoid their explicit form, which is expressed by means of the Faa di Bruno
formula. This formula is not convenient from the computational point of view, because it makes use of partitions
of the number n, and this number grows exponentially when n tends to infinity, as it is shown by the asymptotic
behavior of the partition function by Hardy and Ramanujan [11]:

2n
eN3

n ~
() 4n\3

3. RECALLING THE LAPLACE TRANSFORM

The Laplace Transform, a very useful tool in applied mathematics [12], writes:

L(f):= f exp (=st)f (t)dt = F(s) )
0
The Laplace operator converts a function of a real variable t (usually representing the time) to a function of a
complex variable s (the complex frequency) and transforms differential into algebraic equations and convolution
into multiplication.
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It can be applied to functions belonging to L},.[0, +) and it converges in each half plane Re (s) > a, where the
convergence abscissa a, depends on the growth behavior of f(t).

Remark 2: To avoid confusion, we want to stress that the purpose of this article is not to generalize the LT, but
only to expand the table of transforms that are often used in applied mathematics problems, and which are
reported in the book by Oberhettinger and Badii [13]. Actually, we give an approximation of the LT of composed
analytic functions using elementary methods, namely the Taylor expansion and the Bell polynomials.

3.1. Main Properties and an Example

The Laplace transform method gives a rigorous approach to the operational technique introduced by Oliver
Heaviside in 1893, in connection with his work in telegraphy.

This transformation is used to solve initial value problems for linear ordinary differential equations:

ay(®) + a,y' () + - + a,y™ () = f(0)
y(0) = ¢y, Y'(0)=cy s Yn-1(0) = cp—y

It can also be used for linear partial differential equations, and in particular in the case of the telegraphists'
equation [14], which expresses the voltage v (or in equivalent form the current j) as a function of the constants
that characterize the electrical circuit:

0%v ’ 62v+( e )6v+

— =fc——+ (rc —+rgv

axz ~ oz TR
where ¢,1, ¢, g represent respectively the resistance, inductance, capacitance, conductance of the given circuit.
Note that this equation contains, as special cases, the vibrating string equation (whenr = g = 0):

’v ’ d%v
ax2 e
and the heat equation (when ¢ = g = 0):

0%v ov

ox ot

so that the propagation of vibrations along a string and that of heat in a homogeneous medium can be seen as a
particular case of the propagation of electricity along a wire.

The main rules are:
Linearity L(Af + Bg) = AF(s) + BF(g) with A, B constants

Scaling property:
1 /s
L(f(at)) = EF (a) a>0

Action on derivatives:
dt s (s) ( )

dzf — o2 l;
L(W) =s°F(s) —sf(0) — f'(0) etc.

Convolution theorem:

L(f) =F(s),L(g) =G(s) > f*g:= L(J f®g( —T)e_”df> = F(s)G(s)
0
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Using these rules, and others derived from them and reported in suitable tables, the given equation in the time
domain t is transformed into an equation in the frequency domain s, which is easier to solve, since the Laplace
operator converts differential into algebraic equations and partial differential equations into ordinary ones.

After solving the problem in the frequency domain, the result is transformed back to the time domain, usually by
using a table of inverse Laplace transforms or evaluating a Bromwich contour integral in the complex plane.

A simple example is the following.

Consider the harmonic oscillator problem:
y'+w?y =f(0)
y(0)=a, y'(0)=b

N

Multiplying by e St and integrating we find:

J 0" + w?y)e stdt =j f(He stdt
0 0

L") +w?L(y) = L(f)

s2L(y) = sy(0) —¥'(0) + w?L(Y) = L(f)
that is, using initial conditions:

(s2+ w?)L(y) —as — b = L(f)

L) as+b
L(y)—52+w2 s2 + w?

Since:

L(sin wt) = ,  L(cos wt) =

s2 + w? §2 + w?

and recalling the convolution theorem we find:

L 1L 1 1 ‘
= ifz)z = 552(?:))2 = ZL(f)L(sina)t) = aL(j f@sinw(t—1) dT)
0

1t b
Ly)=L (5] f(@)sinw(t — 1) dt + a cos wt + asin a)t)
0
so that inverting the Laplace transform we conclude that:

1 (¢t b
y(t) = —j f(@)sinw(t —1)dt + a cos wt +—sin wt
w ), )

4. LAPLACE TRANSFORM OF COMPOSED FUNCTIONS

Consider a composed function f(g(t)) analytic in a neighborhood of the origin, so that it can be expressed by the
Taylor's expansion:

FO@) = anms, = DPIF(9(®)]ems (6)
n=0

We have:

ap=f (éo)
e e e - 7
@ = DPLFE =0 = ) Bui (90,92 1 Gnos ) e (1= 1)

n
k=1
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where:

fir=DEFCO| 0y Gni=DE(O,_, ®

Theorem 3. Consider a composed function f(g(t)) which is analytic in a neighborhood of the origin and can be
expressed by the Taylor's expansion in Eq. (6). For its LT the following equation holds:

i (Z 91'92:- u&n—k+1)fk>sn% 9

o

f f(g(t))e‘”dt—
0

Proof. In fact, using the uniform convergence of Taylor's expansion, we can write:

+o f éo e o o o o T
f flg@®)e *dt = Q + Z J Z Brk (91'92: ---rgn—k+1)fk ;e_tsdt =
0 n=1 "0 k=1 |

o o )
f(;go)+z <Z By k (51,52,...,§H_k+1)fk) jo+ :l_r:e_mdt

n=1 \k=1

so that the conclusion follows by using the LT of powers.

5. THE CASE OF THE EXPONENTIAL FUNCTION

In the particular case when f(x) = e*, that is considering the function e9® and assuming g (0) = 0, we then have
the simpler form:

n
Z Bnk 91192:- lgn—k+1 Z Bnk 91192:- lgn—k+1) = Bn (gllg21"'lgn) (10)

n
k=1 k=1

where the B,, are the complete Bell polynomials. It results B,(g,): = f(g,) and the first few values of B,, are:

Bi1(91) = g1
B,(91,92) = 9% + 92
B3(91,92,93) = 93 + 39192 + 93 (11)

By(91, 92,93, 94) = gt + 6979, + 49195 + 395 + ga

Further values are reported in Appendix I.

The complete Bell polynomials satisfy the identity:

n

n
Bn+1(gll ---:gn+1) = Z (k) Bn—k(gll :gn—k)gk+1 (12)

k=0

In this case, the general Eq. (9) reduces to:

+0o i o 1
f exp(g(D) e~*dt = Z I e e (13)
0 —

In what follows we show the approximation of the LT of nested functions using the computer algebra program
Mathematica®.
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5.1. First Examples

We start considering the case of the LT of nested exponential functions:
o Letf(x) =e*and g(t) =sint. Theng; =1, g, =0, g3 =—1, g, =0, and in general g,;, =0, gops1 =
(D" h=123,..

According to Eq. (11) it results that:

Bl(l) = 11 BZ(llO) = 11 33(110:_1) = 01 B4(110:_110) = _31 35(110:_1:011) = -8
Then:

+oo _ 1 1 1 3 8 1
f exp(smt)e‘”dt=—+—+—————+0(—) (14)
0 s s s

e Consider the Bessel function g(t): = J;(t) and the LT of the corresponding exponential function. We find:

f+°° Gu@)esae =ty Ly L3 11 19 o1
o Ut = ot S T 4 T a5t Tes® 3256 | 64s7

15
701 4 953 15245 4 ( 1 ) (15)
128s8 = 256s° 512510 sit

e Letg(t) = —arctan (t). We find:

- 11 1 1 7 5 145
J exp(—arctan(t)) e"**dt = m5ts
0

gteta g st ™ iy
5 6095 5815 1 (16)
8§99 glo (ST)

Consider the complete elliptic integral of the second kind g(t): = E(t) and the LT of the corresponding
exponential function. We find:

T

+oo ez mw mw?—3m w3-97%+430m
f exp(E(t)) e tdt = —
0

S 8z eas® | 5i2st a7)
m* —18n3 + 147n?% — 5251 Lo ( 1)
4096s° s6

5.2. Graphical Display in Two Known Cases
5.2.1. Test Case #1

Considering the composed function cosh(v arcsinh(t)). It results [13]:

e S1,(s)
L(s) = f cosh(v arcsinh(t))e~tSdt = ’s Rs >0 (18)
0

where S, ,, denotes a special case of the Lommel function S, ,, [15]. Assuming v = 7 and using our approximation
we have found:

e 1 n? m*(n?-4
f cosh[rarcsinh(t)] e ™dt = -+ — + ¥ +
0 s s s
2(% — 2 2(76 _ 4 2 _
n*(m 25)1{ + 64) LT (n® —56m +97841r 2304) N (19)
S s

nz(ns —1207® + 4368w* — 5248072 + 147456) 1
st ( )

s13
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so that, by inverse Laplace transformation, one can readily conclude that:

. m? n?(n? -4 m?(n* — 20m? + 64
l(t)z<1+7t2+ (4| )t4+ ( o )t6+

m?(n® — 56m* + 784m? — 2304) 5y m?(n® — 120m% + 43681* — 5248072 + 147456)
8! 10!

(20)

t1°> H(t)

with H(-) denoting the classical Heaviside distribution.

The distributions of L(s) and L(s) along the cut sections w = Is = 1 and ¢ = Rs = 5 are reported in Fig. 1 and
Fig. 2, respectively. As it can be noticed, the agreement between the exact transform in Eq. (18) (for v = ) and
the relevant approximation in Eq. (19) is very good especially as s — +oo. Conversely, the functions [(t) and I(t)
tend to match for t » 0%as one would expect from theory (see Fig. 3).

5.2.2. Test Case #2

Considering the composed function J, (a sinh(t)) with Ra > 0, Rv > —1, it results [13]:

toe _ a a 1
L(s) = J;) J,(asinh(t))e~dt =]VT+S (E) KvT—s (E) Rs > —5 (21)
where J, and K, are Bessel functions. Assuming v = 0 and a = 1 we find the LT:
+eo i 1 1 1
L(s) = f Jo(sinh(t))e~t5dt = Js (—) K s (—) Rs > — = (22)
o 7\2/ —3\2 2
' _0.2— -
008 -04 ,;'_--‘-
oL - z | "
N -06 : P
0.08 . s 1
i by : L{osi 4 ' — argLlasi)}
0.05 AN ooFer s - ::(DH:' -08 g argiLio+i)
0.03 . ‘ . .{
i Py -12 |
5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40
(C) (b)

Figure 1. Magnitude (a) and argument (b) of the Laplace transform of I(t) = cosh[r arcsinh(t)] as evaluated through
the approximant L(s) and the rigorous analytical expression L(s) for s = ¢ + iw withw = 1.

\ 0.5
0.08 i :

0.06

0.04

_30. .

20

— IL(10+iwH|

IE(104 i)l

0 0 30

w

(@

0.0

-0.5

=10

N\ — arg{L{10+iw)

—== arg{L(10+ie)

(b)

Figure 2. Magnitude (a) and argument (b) of the Laplace transform of I[(t) = cosh[m arcsinh(t)] as evaluated through
the approximant L(s) and the rigorous analytical expression L(s) for s = ¢ + iw withg = 5.
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Figure 3. Distribution of I(t) = cosh[m arcsinh(t)] and the relevant approximant I(t).

Using our approximation, we have found:

L) = L(s) = f+oo (sinh(t))e-t5dt = 1 1 13 13 N 9827 N 309649 4 ( 1 ) 23
S)=Ls)= ) Jolsinh{t)emdt = om0 s 855 ~T6s7 T 1285° | 25651 T O \sB (23)
so that, by inverse Laplace transformation, one can readily conclude that:

- 1 13 13 9827 309649

I(t z(l——tz——t4— t® t8 tl")Ht 24

© 4 192 11520 * 5160960 * 928972800 © (24)

with H(-) denoting the classical Heaviside distribution.

The distributions of L(s) and L(s) along the cut sections w = Is = 1 and 0 = Rs = 5 are reported in Fig. 4 and
Fig. 5, respectively. As it can be noticed, the agreement between the exact transform in Eq. (22) and the relevant

approximation in Eq. (23) is very good especially as s — +oo. Conversely, the functions [(t) and [(t) tend to match
for t — 0%as one would expect from theory (see Fig. 6).

6. AN EXTENSION OF THE BELL POLYNOMIALS

We limit ourselves to the second-order Bell polynomials, Yiz](fl, 91, 01; f2r G2, ha; s fr) Gno ), generated by the
n-th derivative of the composed function ®(t): = f(g(h(t))).

Consider the differentiable functions x = h(t), z = g(x) and y = f(z), and suppose it is possible to use the chain
rule for the n-th differentiation of the nested function ®(t): = f(g(h(t))). We use the notations:

®;:=D/®(t), fu:= DEf()] 9= DEg@|,_, oy hri=DIRE®) (25)

y=g(x)’

— (o) —— aglLio+)

li(a+i] e = AL (04}

:‘; 15 1;5 le3 2% 3:0 35 40 5 1=u 1“5 2“0 2:5 3'0 3I5 4ID
a -4
() (b)

Figure 4. Magnitude (a) and argument (b) of the Laplace transform of I(t) = J,(sinh(t)) as evaluated through the
approximant L(s) and the rigorous analytical expression L(s) fors = ¢ + iw with w = 1.
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10 P
e
’ll~
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e e |L(10410)] \ —— - anglL(10+ic)}
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Figure 5. Magnitude (a) and argument (b) of the Laplace transform of I(t) = J,(sinh(t)) as evaluated through the
approximant L(s) and the rigorous analytical expression L(s) fors = ¢ + iw with g = 5.

.
1 Of mmmzzn=o
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06 M,
»,
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Y
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Figure 6. Distribution of [(t) = J,(sinh(t)) and the relevant approximant I(t).

Then the n-th derivative can be represented as:

CDTL = YTEZ] (fllgllhl;fZI 92, hZ; "';fnl gn:hn)

where the Yn[z] are the second-order Bell polynomials [16].

For example, one has:

Y1[2](f1:g1:h1) = fi91h
Yz[z] (fi, 91, Pa; f2, 92, ) = figahy + fig2h% + fagihi
Y3[2] (f1, 91, Pa; f2, 92 Pas f3, 93, h3) = figahs + figshd + 3fig.huhy + 3fa92hahy + 3f,9:9:03 + fr93h3

The connections with the ordinary Bell polynomials are expressed by the equation:
Y;EZ] (f1 91 his 5 fro Gno Bn) = Y (f1, Y1(91, s f2, Y2 (91, has G20 ha); s fro Ya (91, Ras G2, Bz 5 Gno Bn))
Consequently, we deduce the theorem:

Theorem 4. The following recurrence relation for the second-order Bell polynomials holds true:

Yo[Z] =fi

2
Yn[+]1(f1: 91 has s fravt Gnae s Ansr) =

n

n
Z (k) Yn[i]k(fzfgphﬁfs:gz:hzi o Fr—ke+ 1 In—tor Pn—1) Yier1(91, Pis o5 Giens 1)

k=0
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The first few second-order Bell polynomials are as follows:

Yfz]([f:g:hh) = fig1hu

Yz[z]([f:g:h]z) = fig9:h, + fi9:h} + fogih?

Yy 2(If, 9. hls) = figihs + figshi + 3figahuhs + 3f2919:h3 + fogihi (26)
YA((f, 9. hla) = fogtht + 6£3979:h1 + 3f,93h% + 4f,9:95h% + figaht + 6£,93hEh, +

18f,919,hih; + 6f193h%hy + 3fo97h3 + 3f19,h5 + 4f297hihs + 4f1g,hihs + figihy

Further values are reported in Appendix II.

7. LAPLACE TRANSFORM OF NESTED FUNCTIONS

Let f(g(h(t))) be a nested function analytic in a neighborhood of the origin, expressed by the Taylor's expansion:

Fgh®)) = 32 an, @y =D [f(g ((h®))] 27)

t=0

It results:

a = fo = f(g(h(0) S o8)
an =D (g ((h®))] _ =V (fuguhsi i frrGnn) (22 D)

t=0

where:

o o

fi=DEFO oy 9= DEG@, Ly Tori= DER®le=o (29)

Theorem 5. Consider a nested function f(g(h(t))) which is analytic in a neighborhood of the origin and which can
be represented by the Taylor's expansion in Eq. (27). For its LT the following expression holds:

o

+00 i n
B f o o o o oy t B
[ rath@mesde =224 0 (5 guoiss i fo o) e~ =
0 n=1 |
(30)
fO i o o o o o 1
? + Z Y1£2] (fll g hl; e fnl In hn) w
n=1
Proof. It is a straightforward application of the definition of second-order Bell's polynomials.
7.1. Example #1
Assuming f(x) = e*"1, g(y) = cos(y), h(t) = sin (t), it results:
e ) ts 1 1 8 127 3523 146964 1
fo exp[cos(sin(t)) — 1] e~ *Sdt = sTots 7t T +0 (sﬁ) (3D
The corresponding inverse LT is approximated by:
- 1 1 127 3523 12247
~f(1-Z420 244 _~%" 16 8 _ 10
i@ = (1 2 e 3 t 720 e 40320 t 302400 t )H(t) (32)

with H(-) denoting the classical Heaviside distribution.
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7.2. Example #2

Assuming f (x) = log (1 + g), g() = cosh(y) — 1, h(t) = sin (t), it results:

J+°°l 1+ cosh(sin(t)) — 1 s gy = 1 9 27 N 1169 5869 N ( 1 ) 33
o 08 2 ¢ T 253 4s5 257 ' 8s%  2sll s13 (33)
The corresponding inverse LT is approximated by:
- 1 3 3 167 5869
I(t z(—tz——t‘* — 16— t8 tlo)Ht 34
© 4 32 * 160 46080 * 7257600 © (34)
with H(-) denoting the classical Heaviside distribution.
7.3. Example #3
Assuming f(x) = e*, g(y) =J1(y), h(t) = sin (t), it results:
e 1 1 1 3 27 77
in(t St = — b — —— -
jo exp [ (sin(®))]e s 252 T1s3 45t 1655 ' 3256
(35)
1227 N 385 82663 439229 N 6754489 N ( 1 )
64s7  128s8 256s5° 512510 @ 1024s'? 512
The corresponding inverse LT is approximated by:
- 1 1 1 9 77 409 11
~ Zpa 42437 a4 5 6 7 _
l(t)_<1+2t+8t 8t 128t +3840t +15360t +18432t
(36)
11809 8 62747 o4 964927 t1°) Het
1474560 26542080 530841600 ©
with H(-) denoting the classical Heaviside distribution.
7.4. Example #4
1
Assuming f (x) = arctan(x), g(y) = y3, h(t) = cosh(t), it results:
e EY T 1 1 43 338 18523 1
J, arctan[cosn @i ea =T - 4 g -5+ g 0 () &7
The corresponding inverse LT is approximated by:
- T 1 1 43 169 18523
I(t z(— —t?——=t* té — t8 tlo)Ht 38
© 4 * 12 72 * 12960 181440 * 65318400 © (38)

with H(-) denoting the classical Heaviside distribution.

Remark 6: Note also that successive Bell polynomials are represented exclusively by sums, products and powers,
avoiding operations that may generate numerical instability. The use of computers allows calculations to be
performed stably and quickly, even though the number of products to be added increases rapidly with the number
n. In our calculations it was possible to obtain a sufficient approximation by limiting ourselves to order n = 10.
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8. CONCLUSION

We have presented a method for approximating the integral of analytic composed functions. Considering the
Taylor expansion of the given function and representing their coefficients in terms of Bell’s polynomials, the
integral reduces to the computation of an approximating series, which obviously converges if the integral is
convergent. This methodology has been applied to the LT of an analytic composed function, starting from the case
of analytic nested exponential functions, based on the complete Bell polynomials, computed by using the program
Mathematica®, and shown in Appendix .

In the second part the LT of analytic nested functions is considered, and the second-order Bell’s polynomials used
in this approach are reported in Appendix II. We want to stress that, even if we dealt with a basic subject, we have
not found in the literature any general method for approximating this type of LTs, a gap which, in our opinion,
has been now filled up. A graphical verification of the proposed technique, performed in the case when both the
analytical forms of the transform and anti-transform are known, proved the correctness of our results.

The method used in this article has also been applied in other cases such as:
e the LT of analytic composed functions of several variables [17,18];

e the LT of composed functions of two variables, making use of Bell's polynomials in two dimensions
introduced and studied in a previous article [19,20];

o the sine and cosine Fourier transform of particular nested functions [21].
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APPENDIX I: TABLE OF COMPLETE BELL POLYNOMIALS

By = g1,

By = g + go.

By = gi + 39192 + g3,

By = g{ + 69792 + 49195 + 395 + 9,

Bs = g +10g7g2 + 159193 + 10g7g3 + 109293 + 59191 + gs.

Bs = g7 + 15g{g2 + 459795 + 15g5 + 209793 + 6091929 + 1093 + 159794 + 159294 + 69195 + g,

B = g] + 21g7g2 + 1059193 + 1059193 + 359193 + 21097 g2gs + 1059593 4 709193 + 3597 ga+
105919291 + 35939a + 219795 + 219295 + Tg196 + 97,

Bs = g} + 28¢7 g2 + 210g1 g3 + 4209395 + 10595 + 5697 g3 + 56047 9293 + 840919393 + 2807 g3+
2809293 + 709194 + 420979294 + 2109394 + 280919394 + 3597 + 5693 g5 + 16871 925+
569395 + 289796 + 289296 + 89197 + s,

By = ¢ + 3697 gs + 378¢3¢2 + 1260¢3g3 + 945¢1 g3 + 84¢%gs + 1260¢3g2g5 + 378092 g2 g5+
12609393 + 8409392 + 2520919293 + 28093 + 1264794 + 1260979294 + 1890919394+
1260979391 + 1260929394 + 3159195 + 1269195 + 756479295 + 3789595 + 504919395+
1269495 + 849796 + 252919296 + 849sgs + 369797 + 369297 + 99195 + 9o,

Bio = gi° + 45¢7 g5 + 630g5 g5 + 315091 g5 + 472593 g5 + 94595 + 12091 g3 + 252097 G293+
1260047 g2 g3 + 1260091 g3 g3 + 210091 g2 + 1260097 g2g2 + 63009392 + 2800¢; g5+
2109794 + 3150919294 + 945093 g3 91 + 315093 94 + 420097 9394 + 1260091 929394+
21009394 + 15759793 + 15759297 + 2527 g5 + 252093 9295 + 3780919395 + 252097 g3 g5+
2520920395 + 1260919495 + 12692 + 21097 g6 + 1260979296 + 6309596 + 840919396+
2109496 + 120g3 g7 + 360919297 + 1209397 + 4593 gs + 459295 + 109190 + g10 -
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APPENDIX lI: TABLE OF SECOND-ORDER BELL POLYNOMIALS

n
ifep= Y[N_] t= Z (BellY[n, k, Table[hy, {m, 1, n-k+1}]] g)
k=1

o= Y2[N_] = Z (BellY[n, k, Table[Y[m], {m, 1, n-k+1}]] fx)
k=1

me= Y2[1] /7 FullSimplify // Expand
ouo}= T1 g1 hy

moy= Y2[2] // FullSimplify // Expand
oupei T2 gl h+ frgahl+ f1gihy

o= Y2[3] // FullSimplify // Expand
Ouife]= f3gihi+3f2glg2 hi+flg3hi+3 fzgih1h2+3 flg2h1h2+flglh3

info1= Y2[4] // FullSimplify // Expand

Outfe]= f4gihj+6f3g§g2 h‘;+3fzgghi+4f2g1g3hi+flg4hi+6f3g?_hih2+18f2glg2hih2+
6f1g3hih2+3f2gih%+3flg2h§+4f2g§h1h3+4flg2h1h3+flglh4

o= Y2[5] // FullSimplify // Expand

Outfo]= f5g§hi+l@f4gig2hi+15f3g1g%hi+lofgg%g3h§+lef2gzgghi+5f2glg4h?+flg5hi+
10f4gihih2+6@'Fggjz_gzhih2+3@fzgghih2+40f2g1g3hih2+lef1g4h13_h2+
151:3g?hlh%+45f2glg2hlh%+15 flg3hlh%+1@'f3g§h§h3+3@f2glg2h%h3+
19f1g3h%h3+l@fzgjz_hzh3+1®f1g2h2h3+5f2gih1h4+5flg2hlh4+flglh5

inje;= Y2[6] // FullSimplify // Expand

outro)= Tg gf h?+15 fs g‘lt g2 h?+45 fa g% g% h§+15 f3 gg h?+29 fa gf g3 h§+60 fagi 8083 h?+
1E)f2gghf+15fggig4hf+15f2g2g4hf+6f2glg5hf+flg5h§+15f5gihih2+
150 f4 g} g2 hi hy + 225 f3 gy gihi hy + 156 f3 g2 gz hy hy + 150 f, g, gahT hy + 75 F, g3 g4 hy hy +
15f gshih,+45fF,gth?h2+270 f3g2 g, h?h2+135F, g2h?h2+180 f, gy gsh?his
45 f, gah?h3+15f; g3 h3+45fF, 818, 3 +15F, gsh3 +20 f, gl hi hy + 120 f3 g3 g, hl hy +
60 f; g3 h3 hy + 80 f, g gahihy+ 20 f1 gahd hy + 60 f3 g3 hy hy hy + 180 5 g4 g5 hy hy ha +
60 fogahihohy+10F, g2 h2+10F, g, h3+15F;g2 hihy+45F, g, g, hihy+
15Ffigahihy+15f,gihyhy+15F; gahohy+6fagihyihs+6F; gohyhs+F1grhe
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mer= Y2[7] // FullSimplify // Expand

oupep- F7 81 hl +21 5 g3 g, hy +105 f5 g7 g3 hy + 105 f4 g1 g3 hy +35 fs gl gah! + 218 f, gl g gs hl +

105 f;g5gah; +70 fagygihi +35F,gigah] +105f3 g1 8,841 +35Fagzgahl +

21 fagigsh! +21F,g,85h! +7Ff, 8186 hl + figrhl +21 fs g5 hl hy + 315 f5 g3 g, hT hy +
945 f4 gl gs h; hy + 315 f3 g3 h] hy + 420 f4 g3 gah] hy + 1260 fa g1 g2 ga h; hy +

218 fo g2 hl hy +315fagigahi ha + 315 F, goga hi ha + 126 f5 g3 gs hS ho + 21 F1 gg hl ha +
165 f5 gt h3 h2 + 1050 f, g3 g, h3 h3 + 1575 f3 gy g2 h¥ hZ + 1050 f; g2 gs hi h3 +

1050 f, g2 gz hi hy + 525 f; g1 g4 h; h3 + 185 f1 gs hi h3 + 105 f4, g7 hy h3 + 630 f3 g3 go hy h; +
315f,gah;h3+420Ff, gygsh h3+ 105 F, gohy h3+35fs gl hthy+ 358 f, gl go hi ha +

525 f; g, g2hihy+350 fag2gshihy +350 fo gogshihg + 175 F, g g ht hy +35 fp gs hihg +
210 f, gt h? hy hy+ 1260 f3 g2 g, hi hy hy + 630 f, g2 hihy hy + 840 5, gy gah? hy hs +

210 f1 g4 hi hy hy+ 105 f3 g3 h3 hs + 315 f; g3 go h3 ha + 165 f1 g3 hd hy + 70 f3 g3 hy h3 +
210 f, g1 g hih3+70 figahy h3+35F,gihihy+210 fagigo hi hy + 105 f, g3 hd hy +

148 fo g1 gahdhy+35F  gahihy+ 185 Fagdhy hohy +315F, g1 go hy hy hy +

105 fygshy hohy+35f,g2hshy +35F, gohshy+21f3g2 h2 hs +63 f, gy g, h2 hs +

21 figshihs+21f,g2hohs+21figohohs+ 7 Fagihyhg+7F1gohy hg+ f1 g1 hy

mep= Y2[8] // FullSimplify // Expand

oupe- Fagahi+28 frglgoh+210Fsgigih+420fsglgih+185F, g hf+56Ffsg;gshd+

560 fsgigrgahi+840 fgigigshi+280 f,gigih+280F;g,g2hi+70F5g] g4 hd+

420 f4glg2gahi+210F3g2geh}+280 fagigagahi+35F, gihl+56 fogl gshi+

168 fagigagsh}+56fagagshi+28f;gigehd+28F,agehf+8F, g g7h}+ Fipshf

28 f; g{ hSh, + 588 f¢ g3 g, h$ hy + 2940 f5 g5 g2 hS h, + 2940 f, g1 g3 hS h, + 980 f5 g] gs h® hy +
5880 f, g2 g2 g3 hS h, +2940 f5 g2 gz hS hy + 1960 5 g, g2 hS hy + 986 f4 g3 g4 h h, +

2940 f3 g1 8284 WS hy + 980 f2 g3 gahS hy, + 588 f3 g2 gs hS hy + 588 5 g5 gs h hy +

196 fo g1 g hS hy + 28 F1 g7 h§ hy + 210 5 g5 hi h3 + 3150 f5 g g, hT h3 + 9450 f, g2 g2 hi h3 +
3150 f3 g3 hi h + 4200 f, g] gs h? h + 12600 f3 g, g, g3 hy h3 + 2100 f, g3 h] h3 +

3150 f3 g] g4 hy h3 + 3150 f, g5 g4 hj h3 + 1260 f, g3 g5 hf h3 + 210 f, gg h] h3 + 420 f5 g hih] +
4200 f4 g3 go h2 h + 6300 f3 g5 g2 h? h3 + 4200 f3 g2 gz hi h3 + 4200 f; g, g h? h3 +

2100 f, gy ga hi h3 + 420 f; gs h? h3 + 105 f, g7 h; + 630 3 g2 go h3 + 315 f, g3 hj +

420 f, g1 gahj + 105 f; gahs + 56 fo g hj h; + 840 f5 g7 g2 h] hy + 2520 fo g2 g2 hd hs +

840 f3 g3 hi hy + 1120 f4 g3 gz h] hs + 3360 f3 g1 g2 g3 h; hs + 560 f; g3 hy hs +

840 f3 g7 g4 hT hs + 846 T, g5 g4 h] h3 + 336 f, g1 g5 h] ha + 56 F1 gg hf hs + 560 f5 gl hi hy hy +
5600 f4 g3 g2 hi hy h; + 8400 f3 g3 g3 hi hy hy + 5600 f3 g2 g3 hi hy hs + 5600 f, g, gz hi hy hy +
2800 f, g, g4 h} hy hy + 560 f; g5 h3 h, hs + 840 f, g] hy h3 ha + 5040 f3 g7 g, hy h3 hs +

2520 f5 g5 hy h3 hs + 3360 T3 g1 g3 hy h3 hs + 840 F1 gq hy h3 hs + 280 f4 g hi h} +

1680 f3 g7 g2 hT h3 + 840 f, g5 hi h3 + 1120 f, g; g3 hT h + 280 f1 g4 hj h3 + 280 f3gi hy hs +
840 f, g1 g2 ho h3 + 280 f1 gshy h3 + 70 f5 g3 hy hy + 700 f4 g7 g2 hi hy + 1050 f3 g, g5 hi hy +
700 f3 gl gahi hy+ 760 fagagahi ha+358 fo g gahi ha+ 70 f1gshy hy +420 f4 g hihahy +
2520 f3 g2 g, hihy h, + 1260 5 g2 h3 hy hy + 1680 f, gy gz h2 hy hy + 420 f, gah2 hy hy +

210 f3 g5 hl hy +630 f, gy go h3 hy +210 T, gsh2 hy + 280 3 g3 hy ha hy + 840 F, g5 g2 hy hs hy +
280 fygahy hshy+35f, g7 h3 +35F, g, hs +56 f4 gt hi hs +336 fagigo hihg +

168 fgZhihs+224 f, g1 gahdhs +56 f1gahd hs+ 168 fa gl hyhy hs + 504 f, g1 g5 hy ha hs +
168 fy g3 hy ho hs+ 56 f5, g2 hyhs + 56 1 gy hs hs + 28 f3 g3 h2 hg +84 f, gy g, h hg +
28figshihg+28fagihohg+28Ffigohahg+8Tagihihy +8F gahyihy+ figi hg
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mep= Y2[9] // FullSimplify // Expand

our-j= fogihl+36 faglgahl +378 f7 g3 g2 h) + 1260 fo g; g2 hi + 945 f5 g g2 hi +
84 f7 g9 g3 h} + 1260 f4 g} g» g3 hy + 3780 f5 gl gd g3 hy + 1260 f, g3 gs hy +
840 f5 g7 g3 hy + 2520 f4 g1 8> 83 h] + 280 f3 g3 h] + 126 fe g7 g4 hY + 1260 fs g} g2 84 h3 +
1890 f, g1 83 g4 h] + 1260 f4 g3 gz ga h) + 1260 fa gy gaga hd + 315 Fa gy g3 hi o
126 fs g5 gsh} + 756 f4 g2 g, gs h] + 378 fa g2 gs hy + 504 f3 g1 g3 gs h} + 126 5 gy gs hs +
84 f,glgeh]+252f;3818:86h] +84f,g38h] +36Fsgig hi+36fg g hl+
9f,grgshy+ figoh]+36fsgih] hy+ 1008 f; g5 gy h! hy + 7560 fe gt g2 hi hy +
15120 fs g2 g2 h] h, + 3780 f, g5 hl h, + 2016 fs g3 gz hl h, + 20160 f5 g2 g, ga hf hy +
30240 f, g1 g5 g3 hf hy + 10080 f4 g5 g2 h{ hy + 10080 f3 g, g2 h{ hy + 2520 5 g} g4 h) hy +
15120 f4 g2 go gahl hy + 7560 T3 g3 g h! hy + 10080 f3 g1 gs g4 hl hy + 1266 f5 g2 hl hy +
2016 f4 g2 gshl h, + 6848 f3 g1 g2 gs hl hy + 2016 f5 g3 gs h! hy + 1008 3 g% gg hl hy +
1008 f, g, g6 h) hy + 288 fo g1 g7 h] hy + 36 1 gg hl hy + 378 f7 g h3 h3 + 7938 g g} g2 h3 h3 +
39690 fsgi gz hSh3+39690 f, gy g5 hihi+ 13230 fsgigshPh3+79380 f,glgogzhihis
39690 f3 g3 gz hi h3 + 26460 f3 g, g5 hj h3 + 13230 f, g5 gahi h3 + 39690 f3 g, 8,84 WS h3+
13230 f; g3 g4 hy h3 + 7938 f3 g2 gs hy h2 + 7938 f, g5 gs h3 h3 + 2646 T, g1 g hj h3 +
378 f; g; hi h3 + 1260 5 g8 hih3+ 18900 f5 gt g, hih3 + 56700 f, g2 gi hihd
18900 f3 g3 hi h3 + 25200 f, g5 gz hj h3 + 75600 f3 g g2 g3 hl h3 + 12600 f, g3 hi h3 «
18900 f3 g2 g4 hd h3 + 18900 f; g5 g4 hi h3 + 7560 f, g5 gs h? h3 + 1260 f, gg hi h3 +
945 f5 g5 hy h? + 9450 f, g2 g, hy h? + 14175 f3 g, g3 hy h} + 9450 f5 g2 gz hy hi+
9450 f, g, gahy hy + 4725 f, g1 gahy h3 + 945 fygshy hi 84, g/ hS hy + 1764 fg gl g h ha +
8820 fs gl g3 hS hy + 8820 F, g, g3 hé hy + 2940 fs gf gahS hy+ 17640 f, g3 go gz hhs +
8820 f3 g2 gz h®hy + 5880 3 g, g2 h® hy + 2940 f, g5 gahS h; + 8820 f3 g1 g ga h¥ hs v
2940 f, g3 ga hf hy + 1764 f3 gd gs hé hy + 1764 f5 g5 gs hS ha + 588 fo g1 g h hs +
84 1 gz h® hy + 1260 f¢ g5 h? hy h; + 18900 fs g} g, hf hy hy + 56700 f, g2 g2 hi hy hs +
18900 f3 g2 hj ho hs + 25200 f4 g5 g3 hf ha hs + 75600 f2 g1 g2 g3 h ho ha +
12600 f; g2 h hy hy + 18900 f5 g5 g4 hT hy hy + 18900 5 g5 g4 hT hy hy + 7560 f5 g1 gs h hy ha +
1260 f, ggh? h, hy + 3780 fs gi h2 h2 hy + 37800 f, g5 go h2 hZhy + 56760 3 g1 g2 h2 hl hy +
37800 f; g2 gz hi hhy + 37800 f, g, gsh?h2hy+ 18900 f, g, g4 h h3hs +3780 fgs hi h3hs +
1260 f, g7 h3 hy + 7560 f3 g2 g, hi hy + 3780 f, g2 h3 hz + 56408 5 g1 gz h3 hy + 1260 f; g4 h3 ha +
840 fs g2 hd h? +8400 f, g gy hihi+ 12600 f3 g, g3 hhi+ 8400 f5 g2 gz hihi+
8400 f, g; g3 h h + 4200 f, g, g h3 h3 + 840 f; gs hi h3 + 2520 f, g} hy ho hi+
15120 f3 g5 g, hy hy h3 + 7560 f, g3 hy hy hi + 10080 f, g, gz hy hy h+ 2520 f; g4 hy hy h +
280 f;gihd 1840 f, gy g, h3 + 280 F, gz hd + 126 5 g8 hi hy + 1890 f5gf g hPhy +
5670 f4 g5 g2 h] hy + 1890 5 g3 h3 hy + 2520 F, g3 gz hy hy + 7560 f5 g5 82 g3 hi hy +
1260 f, g2 hS h, + 1896 fs g2 g4 hi hy + 1890 F, gy g4 hi hy + 756 F, gy gs hi hy +
126 1 gghl hy + 1260 fs gZ hd hy hy + 12600 fo g g hihy hy + 18900 f3 g1 g2 hdha hy +
12600 3 g2 g3 hi hy hy + 12600 f, g5 ga hi ha hy + 6300 5 g5 g4 hi hy hy + 1260 f1 gs hi hy hy +
1890 f, g3 hy hi hy+ 11340 f5 g2 gy hy h2h, + 5670 f, g3 hy h3 h, + 7560 f5 gy gz hy hi h, +
1890 f1 g hy h2 hy + 1260 f4 gt h2 hy hy + 7560 3 g2 g hi hs hy + 3780 f, g2 h2 ha hy +
5040 f, g1 g3 hi ha hy + 1260 f1 g4 hi h3 hy + 1260 f3 g5 hy ha hy + 3780 f2 g1 g2 hy ha hg +
1260 f1 gz hy hg hy + 315 5 g5 hy h2 + 945 f5 gy g hy h2 + 315 f3 gz hy hZ + 126 5 g2 h? hg +
1260 f, g5 g5 hi hs + 1890 f3 g g2 hi hs + 1260 f3 g2 gz h} hs + 1260 f5 g5 gz h} hs +
630 f5 g1 g4 ht hs + 126 f1 gs hi hs + 756 T4 gf hi h; hs + 4536 T3 g2 g; hi hy hs +
2268 f, g2 h2 h, hg + 3824 f, gy gz h? hy hs + 756 f1 g4 h? hy hs + 378 f5 g5 h2 hg +
1134 f, g, go h3 hs + 378 f1 g3 h2 hs + 504 3 g3 hy hs hs + 1512 f, g1 g, hy hs hs +
504 f1 g3 hy hahe + 126 f5 g2 hy hs + 126 f1 g hy hs + 84 f. gF h3hg + 504 f3 g2 g, hd hg +
252 f, g2 h3hg+336 F2 g1 g3 hl hg + 84 f1 ga hd hg+252 f3 g3 hy hy hg + 756 F2 g1 g2 hy hy hg +
252 figahihohg+84f, g2 hahg+84F, gohahg+36Fsgih?h; +108f, g g hihr+
36 figsh?h; +36fagihohy+36 fgahohy+9Ffaglhyhg+ 9y g hy hg + F1 g1 hg



